We introduce an integrable one-dimensional theory that underlies some integrable models such as the KP hierarchy and the amplituhedron. However, we obtain an amplituhedron which does not have to be supersymmetric. Furthermore, the Yangian symmetry is resulted from this theory. Also, this theory is capable to present mass, coupling and gauge symmetry of particles, via genus of vacuum changes.
Introduction-One of the key points to understand particle physics is the scattering amplitudes. On the other hand, the standard method of calculating these scattering amplitudes is to apply the Feynman diagrams, which have many complications [1, 2] . These complications have always been a motivation for physicists to simplify their calculations. A specific example of such efforts is the Park-Taylor formula, which describes the interaction between gluons [3, 4] .
As another example, in Ref. [5] , it has been shown that one can, with correct factorization, give a recursive expression in terms of amplitudes with less external particles, in which a scattering amplitude is broken down into simpler amplitudes. Also recently, in Ref. [6] , by employing the recursive expression used in Ref. [5] and the twistor theory, a geometric structure has been proposed that is coined amplituhedron. This structure enables simplification of the computation of scattering amplitudes in some quantum field theories such as super-Yang-Mills theory. The amplituhedron challenges spacetime locality and unitarity as chief ingredients of the standard field theory and the Feynman diagrams. Hence, due to the spacetime challenge at the scale of quantum gravity [7] and since locality will have to go if gravity and quantum mechanics ought to coexist, the amplituhedron is of much interest.
In this work, we propose a theory in one dimension that underlies some integrable models in different dimensions. The important kinds of integrable models that we are considering here are the types of soliton models derived from the Kadomtsev-Petviashvili (KP) hierarchy [8] , two-dimensional models [9] [10] [11] , amplituhedron [6] . In the proposed theory, as there is only one dimension, there is only one point that evolves in itself, hence we call this theory a point theory (PT). In the following, we first define the corresponding action, and then its equation of state and path integral. Also, we introduce a specific symmetry of the PT. Afterward, we * M Yousefian@sbu.ac.ir † m-farhoudi@sbu.ac.ir define a hierarchy transformation by which, we represent some integrable models based on the PT. Thus, we show field correlators of the PT as the correlator of fermions on the Riemann surfaces and solutions of the soliton equations. Furthermore, we indicate the tree and loop levels of the amplituhedron as the volume of subspace of the hierarchy phase space without any use of the supersymmetry and hidden particles. Finally, we discuss the relationship between mass, coupling, and gauge symmetry of particles in four dimensions with the change of vacuum in the PT. Foundation of PT-For our purpose, it is convenient to work in the natural units with an action on one dimensional compact Hausdorff manifold, say C, namely 1
where ψ(z) and ψ * (z) are two fermionic fields 2 and z is the parameter of manifold. If the corresponding manifold is non-compact, as real numbers are also a onedimensional non-compact manifold, thus the corresponding parameter can at least be a real number. In the case of C as an unknot compact manifold, the parameter z can at least be a complex number. Also, if the manifold C is knotted and/or linked compact, as a knot is an embedding of a circle into the 3-sphere (S 3 ) [12] and the S 3 is represented by versors, hence z can be a versor number. In addition, if the vacuum changes, i.e. C → C ′ , as each point must be identified on both vacuums, thus z can be a biversor number. The variation of action (1) gives two trivial equations of motion ψ(z) = 0 = ψ * (z), and a non-trivial equation of motion that, without loss of generality about the constant of integration, is ψ(z)ψ * (z) = 1.
(2)
In the latter equation, we can choose an arbitrary solution
which after quantization, it will be clear that is a good choice. Also, as there is no derivative of the field in the Lagrangian, the field momentum is zero. Thus, the energy density is
which, due to Eq. (2), it is constant. 3 Now, if ψ(z) and ψ * (z) have an expansion of the form
and
with the constraint
where l ∈ Z and f unknot = 1/2π, hence the path integral will be
where Dψ = , we can calculate the many-point correlation function. Alternatively, to calculate the many-point correlation function, we can use the canonical quantization of ψ p and ψ * p . In this way, we have the Clifford algebra over C with fermionic operatorsψ p andψ * p that satisfy
To give a representation of this algebra, we define the vacuum state aŝ
Using quantum forms of expansions (5) and (6) , the quantum form of the Lagrangian is
and it is compatible [14] with the quantum forms of solutions (3), namelŷ
In the above relations, :âb : is normal ordered ofâb. Symmetry of PT-According to (13) , the fieldψ(z) is equal to its partition function. Thus, due to the quantization process, it means that the theory will not change after quantization. This symmetry is a special feature of the PT that results the uniformity of physics in large and small scales. 4 Hierarchy Transformation-To investigate the integrability and solitonic properties of the PT, we employ a transformation, which we will refer to it as a hierarchy transformation (HT), in the form
where
x l z l is an arbitrary function that does not change the knot C and x l 's are hierarchy coordinates. Hence, the HT ofψ(z) andψ * (z) are
Solitons and Poles of Correlator-k poles elimination of n poles of the below 2n-point correlation function of the transformed fields arę
where k < n, z a and z ′ a are points 5 on the manifold C, and also x and w a 's are the hierarchy coordinates. Relation (16) , after some manipulations similar to Refs. [14, 16, 17] , gives the tau function of KP soliton solutions, namely
where f a ≡ e ξ(z1,wa) , · · · , e ξ(zn,wa) for a = 1, · · · , k
zn−z ′ a for a = k + 1, · · · , n. The KP soliton solutions are some types of the KP hierarchy that is the integrable system based on mathematical foundation in terms of a Grassmann variety [17] . On other hand, in Refs. [9] [10] [11] , it has been shown that the n-point correlation function of fields of a kind of string theory is obtained via the KP soliton solutions. Now, if we take x αa ≡ ξ(z a , w α ), then x αa 's will be the coordinates of the hierarchy phase space that, with certain values of z a , specify the various states of the KP solitons. Furthermore, by considering c αa ≡ e xαa , one can construct a (k × n)-matrix, say C, consists of k n-component row-vectors as a Grassmannian, which determines the characteristics of the KP soliton solutions [16, 17] . As there are infinite hierarchy coordinates, thus each defined function ξ(z a , w α ) is arbitrary and hence, one can select those k row-vectors to be independent from each other. Otherwise, the minors of the matrix C are zero, which correspond to trivial soliton solution. However, from now on, we just consider the former state, i.e. when the matrix C consists of k independent rowvectors. Moreover, it is known that multiplication of a constant in the tau function of a soliton solution does not change the properties of that soliton solution [16, 17] , and also the Plücker coordinates [18] of the C matrix determine the characteristics of a soliton solution. Thus, under the GL(k) transformations of the C matrix, the properties of a soliton solution do not change. Hence, the Grassmannian C can be thought of as a space of (k × n)-matrix modulo GL(k) "gauge" redundancy. The remaining free parameters w b , for b = k+1, · · · , n, do not have any effect on determining the properties of the KP soliton solutions, thus, without loss of generality, we put those equal to zero.
Towards Amplituhedron-At the beginning, to approach the amplituhedron, we put 6 c αa z a ≡ y α
with two different cases. One case can be that the inner product of the n-component vector z to each of the k n-component row-vectors of the C matrix is zero (i.e., all of y α = 0). Another case is that some of y α 's being equal to zero. Now, at first for simplicity, we assume that z a 's and the C matrix are real numbers. Thus, in the above first case, there would be a (1 + k)-plane. Let us employ some auxiliary parameters, say a matrix z made of elements z aα , as
Then, due to the property of the matrix C, this matrix z has k independent column-vectors that, within the first case, are also independent from z a . Accordingly, we can choose a matrix, say Z, consists of n row-vectors 6 We use the Einstein summation rule, unless it is specified.
Z a ≡ (z a , z a1 , ..., z ak ), that thus has (1 + k) independent n-component column-vectors as a basis for the above (1 + k)-plane. This basis and the above constraint eliminate the gauge redundancy GL(k). In this case, we can assume a polygon in a (1 + k)-dimensional space whose n vertices are Z a 's. Furthermore, using the well-known appropriate contour integration
for arbitrary square matrix X with elements X αβ , and the Dirac delta function property (ad − bc)δ(ar 1 + br 2 )δ(cr 1 + dr 2 ) = δ(r 1 )δ(r 2 ), (21) for any variables (r 1 , r 2 ) and arbitrary parameters a, b, c and d, it is easy to show that the following volume of the hierarchy phase space, while considering the first case and the gauge constraint, is equal to the Grassmannian integral, 7 namelŷ k,n α,a=1 Moreover, for each cell decomposition (say T ) of the polygon with the n vertices Z a 's, each of its corresponding minors of the C matrix for any cell of it (say Γ) is
Also, the related multiplication of its corresponding differential elements are
where each one of a (i) gets a different number from
and each Y α is a row-vector of the defined matrix Y with (1 + k) components. Then, using relations (20) , (23) and (24) into relation (22) , the volume of the hierarchy phase space gets equal to
which is the one-dimensional tree-amplituhedron [20] . Also, due to the Yangian origin of the Grassmannian integral (22) [21] , the Yangian symmetry emerges from the volume of the hierarchy phase space of the KP solitons that corresponds to the poles of the 2n-point correlation function in the PT.
4-dimensional Tree-Amplituhedron-For this part, we assume that z a 's are versor numbers. However, since each versor number can be written as a twistor [22] (say ζ a = (ζ a1 , · · · , ζ a4 )), it actually means that we are dealing with n twistors, and we consider the same definition (18) for those. Thus, in the first case of definition (18) , while Z a 's now are (4 + k)-component row-vectors Z a ≡ (ζ a1 , · · · , ζ a4 , z a1 , · · · , z ak ), the related right-hand side of relation (22) becomeŝ
In the above relation, the corresponding Y is a [k×(4+k)]matrix with constraint Y 0 ≡ (0 k×4 , I k×k ). Furthermore, each of the corresponding minors of the C matrix and the related multiplication of differential elements, for any cell in each cell decomposition, are
where each Y α here is a (4 + k)-component row-vector. Then, by employing relations (20) , (27) and (28) into relation (26) , the volume of the hierarchy phase space becomes
<Y,Za (1) ,Za (2) ,Za (3) ,Za (4) >· · ·<Y,Za (4+k) ,Za (1) ,Za (2) ,
which is the four-dimensional tree-amplituhedron in the twistor space [6] . Now, by change of variables via the Fourier transformation of relation (26) , similar to Ref. [23] , we transform A n,k into the momentum twistor space where new results emerge. That is, we writê
where we have used the Dirac delta function expression δ 2k (c αa µ a ) =´d 2k ρ α exp (−iρ β c βa ∧ µ a ) with arbitrary ρ α ≡ (ρ α1 , ρ α2 ), χ ≡ y − I k×k , λ a ≡ (ζ a1 , ζ a2 ), µ a ≡ (ζ a3 , ζ a4 ) andλ a ≡ (ϑ a1 , ϑ a2 ) is the Fourier conjugate of µ a . Then, in relation (30), we first integrate over c µa for, without loss of generality, µ = 1, 2 and afterward, over ρ α . Hence, after some manipulations, it reads 8
where we have used constraint (19) , relation (21) and a part of definition (18) with constraints cα a λ a = 0, and alsoα,β = 3, · · · , k,k ≡ k − 2, χαβ ≡ cα a z aβ − δαβ, ρ α =λ a z aα and c µa = (< ρ ν ,λ a > −cα a < ρ ν , ρα > )ǫ νµ / < ρ 1 , ρ 2 >. Let us introduce a tensor, say Q, with components
where δ cef a−1,a,a+1 is the generalized Kronecker delta, then the Schouten identity, i.e. ǫ abc <λ a ,λ b >λ c ≡ 0, implies Q abλb = 0. Accordingly, if we replace cα b with cα a (δ ab − Q aa ′ <λ a ′ ,λ b >) in relation (31), it will not change. Also, we define [(k − 2) × n]-matrix G with elements gα a as gα b ≡ cα a Q ab , which, for fixed b, it implies
where N b 's are independent minors of G as N b = det[gα ,b+β−1 ] with the minors indicesαβ. Then, by employing relation (33) and the gauge constraints cα a z aµ = 0, and definingμ b as Q abμb ≡ λ a andz bα as Q abzbα ≡ z aα into relation (31), after some manipulations [23] , it becomes
Eventually, in analogous with relation (26), relation (34) actually reads A MHV n A n,k (λ a ,μ a ,z aα ).
In Refs. [1, 6, 19, 23] , it has been indicated that relation (36), as emergent of the 2n-point correlation function in the PT, is the scattering amplitude of n particles with total helicity k, wherein A MHV n is the maximally helicity violating amplitudes (MHV) and A n,k (λ a ,μ a ,z aα ) is the amplituhedron in (λ a ,μ a ,z aα ) space.
4-dimensional Loop-Amplituhedron-For this part, we employ the second case of definition (18) and, without loss of generality, consider that (k − l) of y α 's are equal to zero. Also, we again assume that each z a is a versor number. Thus, we get a (4 + k − l)-plane, wherein we choose (4 + k − l) independent n-component column-vectors Z a ≡ (ζ a1 , · · · , ζ a4 , z a1 , · · · , z a,k−l ) as a basis for it. Hence, relation (26) changes aŝ
To proceed, due to relations (27) and (28) for the C matrix, we need to increase the number of components of the corresponding vectors Z a 's from (4 + k − l) to (4 + k). Accordingly, we define soft row-vectors Z ′ n+i 's, with (4 + k)-component for i = 1, · · · , l, and new (4+k)-component vectors Z ′ a 's, for each a, through their components as
0, · · · , 0) and Z ′ n+i,γ = δ 4+k−l+i,γ , (39) for γ = 1, · · · , 4 + k, which construct the corresponding matrix Z ′ . Thus, we can write relation (37) as
where A = 1, · · · , n+l, arbitrary elements c ′ αA constitute the corresponding Grassmannian [k × (n+ l)]-matrix (say
Then, using relations (20) , (27) and (28) into relation (40), it reads
where each one of A (i) gets a different number from 1, · · · , n + l, Y ′ ≡ Y ′ 1 ∧ · · ·∧ Y ′ k and each Y ′ α is a row-vector of the matrix Y ′ with (4+k) components. By substituting components (39) into relation (41) and integrating over the components of the corresponding matrix y ′ , namely y ′ αβ for α = k − l + 1, · · · , k and β = 1, · · · , k, after some manipulations, it becomes Γ⊂Tˆd k×(4+k−l) Yα< Za (1) , · · ·, Za (4+k−l) > δ [k×(4+k−l)−4l] (Y−Y 0 ) <Y,Za (1) ,Za (2) ,Za (3) ,Za (4) >· · ·<Y,Y k ,Za (1) ,Za (2) ,Za (3) > ,
In addition, using the approach presented in the previous part, A n,k−l,l can be transformed in the momentum twistor space as A MHV n A n,k−l,l (λ a ,μ a ,z aα ).
On the other hand, in Ref. [24] , it has been shown that, with appropriate contour integrations, expression (42) for a few fixed values of n, k and l, becomes A n,k−l . Moreover, it has been expressed [24] that, for l as even numbers, one-dimensional loop-amplituhedron arises from the "entangled" integration of each pair of (Y k−l+1 , · · · , Y k ) with l/2-loops. Therefore, one can get four-dimensional loop-amplituhedron from the PT.
Towards Real Amplituhedron-As stated earlier, when the knotted and linked one-dimensional vacuum changes, then the points on the manifold are specified by biversors. Considering that each versor is equivalent to one 4-dimensional complex twistor, then each biversor is equivalent to either one 4-dimensional quaternionic twistor or two 4-dimensional complex twistors. We postpone the former status for further work. However, the latter status has been used to explain either massless physics in six dimensions or massive physics in four dimensions [25, 26] . Thus in four dimensions, the mass of a particle can be the consequence of changes of the vacuum. Therefore, to investigate mass of particles, one should first classify different modes of the one-dimensional manifold in the PT.
Furthermore, in Refs. [27, 28] , the relation between different states of a particle and symmetries of braided ribbon network has been investigated. In the other hand, a one-dimensional manifold before changes plus a one-dimensional manifold after changes, as two onedimensional manifolds, can be considered as two edges of a braided ribbon network. Thus, the investigation of invariants in symmetries of braided ribbon network can clarify various states of particles, their masses and coupling to each other. This result means that different types of changes of the one-dimensional manifold in the PT can explain different states of particles, their masses and coupling to each other. The classification of these issues will be performed in an independent research.
Conclusion-In this work, we have introduced an integrable one-dimensional theory, i.e. the PT, that possess a particular symmetry as a statistical symmetry. This symmetry implies that the theory, in small-scales, is statistically equivalent to large-scales.
Also, by introducing and using a transformation, i.e. the hierarchy transformation, we have shown that the PT underlies some important kinds of integrable models in different dimensions such as the types of soliton models derived from the KP hierarchy, two-dimensional models and the amplituhedron.
Furthermore, contrary to Refs. [1, 6, 19, 24] , we have derived the amplituhedron from the hierarchy phase space of the one-dimensional theory without any use of supersymmetry. We have also obtained the loopamplituhedron without employing hidden particles. In this research, the Yangian symmetry of amplituhedron exists as a result of the integrability of one-dimensional theory. In the PT, the mass, coupling and gauge symmetries of different particles in four dimensions are the consequences of changes of one-dimensional manifold of the theory which we will classify those in an independent work.
